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By Charles E. Watkins and Barbara J. Durling 

SUMMARY 


The general expressions of NACA Report 1198 for determining the 
sound-pressure field for a rotating propeller in uniform subsonic flight 
are reviewed for the case of a propeller with uniform chordwise forces. 
Consideration is given to effects of nonuniform chordwise and radial 
blade loading. Tabulated values of certain definite integrals that are 
involved in the calculation of a near-field propeller noise regardless 
of the form of the chordwise forces are presented. These tabulations 
cover a wide range of operating conditions and are useful for estimating 
propeller noise when either the concept of an effective radius or radial 
distributions of forces are considered. In order to illustrate their 
use, the tabulations are used in conjunction with the concept of an 
effective radius to make evaluations for some specific propellers. 
Results of these evaluations are presented and discussed. 


INTRODUCTION 


In references 1 and 2 the sound-pressure field of an "on-stand" 
propeller is analyzed by replacing the normal-pressure distributions 
associated with thrust and torque over the propeller by distributions 
of pressure doublets acting at the propeller disk. In reference 3 "the 
analyses of references 1 and 2 are extended to the case of an in-flight 
propeller by considering the pressure doublets that represent the thrust 
and torque to be subjected to a uniform rectilinear motion. 

In references 1 and 3 the equations for the sound pressure are 
derived in exact form, that is, within the realm of linearized potential 
theory. For convenience in calculation, however, these equations are 
ultimately simplified so that they pertain only to the first few harmonics 
of a propeller of low solidity. These simplifications involve the assump- 
tions that the radial load distribution on a propeller blade can be con- 
sidered as concentrated at same effective radial position and that the 
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propeller blade chord is so small that the chordwise load at any radial 
station can be considered as having the form of an impulse or Dirac 
delta function. Calculations in references 1 to 3 are based on these 
assumptions . 

The present report begins with the general equations that are 
derived in reference 3 for the sound field of an in-flight propeller 
and reviews the specialization of these equations to the case of a uni- 
form or rectangular-type chordwise loading. It is deduced frcm results 
for this case that, as long as the chordwise loading remains unchanged 
throughout the propeller cycle, certain definite integrals involved in 
the expressions for the sound field are the same regardless of the form 
of the chordwise loading. In the case of the "far field," or for field 
points located at distances of several propeller diameters from the 
propeller, the definite integrals can be evaluated in terms of Bessel 
functions of the first kind, but, in the case 6f the "near field" or for 
field points located within a distance of two or three propeller diameters 
from the propeller, the integrals must be evaluated by numerical proce- 
dures. These numerical evaluations for the near-field case can be made 
once and for all, however, so as to apply to any chordwise loading that 
remains unchanged throughout the propeller cycle. A main purpose of 
this report is therefore to present tabulated values of these definite 
integrals for a range of parameters that correspond to a large range of 
operating conditions so that the sound field of a given propeller can be 
fairly rapidly estimated. 

Other purposes of the report are: (a) to consider the effects on 

the sound field of nonuniform types of chordwise blade loading, (b) to 
consider a method of evaluating expressions for the sound field when 
radial distributions of loading are taken into account, and (c) to pre- 
sent and discuss results of some calculations, based on the tabulated 
integrals, of the sound pressures for some specific propellers. The 
reduction of definite integrals pertaining_ to the far-field case to 
Bessel functions of the first kind and a Fourier series development of 
same simple shapes that are useful for representing nonuniform chordwise 
force distributions are presented in the appendixes. 


SYMBOIS 


B number of propeller blades 

b(r) width of propeller blades or blade chord 

c velocity of sound 

section normal-force coefficient 
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D propeller diameter 

F(r,8,t) ehordwise distribution of forces perpendicular to thrust of 
propeller blade and giving rise to torque 

G-l,G 2 functions defined in equations (3l) and (32) 


I v > ^ 


'n 



V ’,I V " functions defined in equations ( 13 ), (l5)> (l8), and ( 19 ) 
Bessel function of first kind with index n 
2p 2 ry 



k = cn/c 
M 




% 


m 

n 


P T 

P Q 

p 

rms 


^x 2 + p ^ 2 + P 2 ^ 2 

Mach number, V/c 
flight Mach number 

rotational Mach number 

tip Mach number 

order of harmonic 
propeller rotational speed 
pressure due to thrust 

pressure due to torque 

root-mean-square pressure 


Q, torque 

R length (radius) of propeller blades 

R e effective (radius) length of propeller blades 
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R.P. real part of any expression 

r radius to blade element 

r,0 polar coordinates in yz -plane 


II 

W 

: + P 2 ? -2 + p 2 ** 2 - sp 2 ^ cos e 

T 

thrust 

t 

time 

t* 

dummy variable 

V 

forward velocity 


forward flight velocity 

v t 

tip velocity 

x,y, z,y x . 

,z-^ Cartesian coordinates 

3 = ~ 

M 2 

^o.75R 

blade angle at O .75 tip radius 

^’l-’ ^2 

constants 

n 

propeller efficiency 

0 * ra* + 
P 2 

J3 

r = b/rtt 


T 0 

period, 2 jt/B ft 

ft 

angular velocity 

«> 

frequency of mth harmonic, mBft 

Subscripts: 

5 

3th element 

It 

left triangle 
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r rectangle 

rt right triangle 

t triangle 

v = 1, 2 , and 3 


ANAETSIS 


The sound-pressure equations for chordwise rectangular loading are 
derived and reduced to expressions involving certain definite integrals 
denoted by I v (v = 1, 2 , and 3)* It is deduced that the integrals I v 
are common to propeller-noise theory j hence, they are evaluated and tab- 
ulated over useful ranges of certain key parameters. This tabulation 
is discussed briefly and then consideration is given to effects of other 
types of chordwise loading and to a method of approximating a radial inte- 
gration involved in the sound -pres sure equations. 


•4 


Sound-Pressure Equations for Chordwise Rectangular 

Blade Loading 

Although the main purpose of this report is to present tables of cer- 
tain definite integrals that arise in expressions for the near sound 
field of a propeller, it is desirable, for the sake of completeness and 
discussion, to derive the integrals by specializing the general expression 
for the sound field to seme particular form of chordwlBe loading. For 
this purpose the general equations derived in reference 3 are specialized 
to the case of rectangular chordwise loading. More general types of 
loading are discussed in a subsequent section. 

From equations (6) to (12) of reference 3, the equations for the 
sound pressure p T associated with a thrust distribution F-j_(t,r,Q) and 

the sound pressure p^ associated with a torque distribution FgC^r,©), 
F-^ and Fr> being periodic with respect to time, can be written as (see 
fig. 1 for Illustration of coordinate system): 



(I) 
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and 


p q = h 



Fg(t,r,0 ) 


1 a e~ lkg 
r ^0 S 


dr d8 


( 2 ) 


In these equations R is radius, r is the blade element radius, 
t is time, 0 is a polar angle in the yz-plane, f3 = |l - M^ 2 , 

S = l/x 2 + p^ 2 + p'r 2 - p 2 ry cos 0, and a = — * — ; k = — = 5^ is a 

' p 2 c c 

frequency parameter involving order of harmonic m, number of blades B, 
angular velocity ft, and velocity of sound c. It is to be noted that 
the expressions for Pg, and p^ (eqs. (l) and (2)) have been made 

independent of the coordinate z. This is a convenient simplification 
that follows from rotational symmetry when the loading is assumed to 
remain unchanged throughout the propeller cycle. 


When the periodic functions and F 2 are known, they can be 

expressed in the form of Fourier series that enables one to treat each 
harmonic of the associated noise spectra separately. When, for sim- 
plicity, the forces acting on the propeller are assumed to be uniformly 
distributed at each radial station of the propeller blade, that is, when 
the chordwise distributions of forces are assumed to be rectangular, the 
functions F-j_(t,r,0 ) and F 2 (t,r,0 } may be expressed, first for 0=0, 

as (see ref. 3) 


F-,(t,r,0) = i P dr 

1 ’ * B dr b 

Fq(t,r,0) = 0 


(0 < t < t) 
(t < t < t 0 ) 


(5) 


F 2 (t,r,0) = | i H ^ dr (0 < t < r) 

. . f 00 

F 2 (t,r,0) =0 (r <t <t 0 ) 

- 

■L. 

where T is thrust, b is blade chord, Q is torque, t = ^ is the 
time elapsed for a blade chord with angular velocity ft to pass a given 
point, and T o = is elapsed for corresponding parts (for example 

the leading edges) of two consecutive blades to pass a given point. 
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a 


The expressions for F^(t,r,0) and ^■ rL equations ( 3 ) 

and (4), respectively, may he harmonically analyzed to yield 


F 1 (t,r,0) 


r 

w 0 


d0 dr 
dr 



^i(t-t') 


dt* 



(5) 


and 


V 


4 


F 2 (t,r,0) 

•- CO 


ghB\ ^(t'i) 

2r j 


i dr d6 
r dr 


(6) 


In these expression the zeroeth harmonic, m = 0, corresponds to the 
instantaneous average thrust and torque over the blade element which does 
not give rise to the rotational-type noise under consideration and need 
not be considered further in the present analysis. For all other har- 
monics the expressions in equations ( 5 ) and (8) may be written as 


*l(t, r ,0) = i R.P 



P dr d0 


(7) 


and 


F 2 (t,r,°) = ^ R.P. 


2r_/ si n SbB^e 

m^mbBV 2x1 


imBfl 


fr-SEr) 1 


i dr d0 
r dr 


( 8 ) 


Although only the real parts of the summations in equations ( 7 ) and ( 8 ) 
are necessary in the formulation of the forces, it is convenient to deal 
with expressions of the forces in complex form throughout the analysis 
and then, for final results, extract only real parts. Expressions for 
F^_ and F 2 that pertain to any value of 0 may be obtained directly 

from the expressions in equations ( 7 ) and ( 8 ) for 0 = 0 , because the 
forces on a second blade element that is shifted with respect to the first 
by an angle 0 in the rotational direction are the same as the forces on 
the first but are retarded by the time 0/fl. The corresponding Fourier 
developments are therefore real parts of 
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imBfl/t- 


V 0 2 Gr/M toae 

dr 


(9) 


and 


F 2 (t ’ r ’ 9) = * |^lk( sin i g dr ae (10) 


It can be seen from this development that, regardless of the form of the 
chord-wise loading employed, that is, as long as the loading remains 
unchanged throughout the propeller cycle, the variable 0 will always 
enter into the Fourier development of the forces in the same manne r - As 
will be discussed subsequently, this relationship leads to a fixed set 
of integrals in the expressions for the sound field. 

With the use of equations (9) and (10) for F 1 (t,r,0 ) and F 2 (t,r,0) 

the equations for the sound pressure associated with thrust a nd torque 
(eqs. (l) and (2)) corresponding to rectangular chordwise loading can be 
written for any harmonic different from zero as 


_k£Sb 2ic 




s -imB0 _8_ e~^ kg 

8x s 


d0 


(Ha) 


or 


Pm *" 


*la)t 


w 


f B 2r / . 0 

J 0 mB'b \ 1 2r )±c 


, imBb 

m e“"2F- 


ijr + 3 s ¥ r > + 


dr 


(lib) 


and 


■ r R 2r_( . mBb\l dQ, 

Q ^2 J Q mBb \ 2r Jr dr 


P n “ 


imB 

“2r” , 
e dr 


r de 

'0 r Se S 


(12a) 
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. imHh 

* - ib( oln f 2 )? i 

where 

H v (r) = r ^ (v = 1, 2, and 3) (13) 

Jo S v 

In the limit h = 0, these expressions for p T and p^ are equiv- 
alent to those given in equations (2l) and (23) of reference 3. This 
equivalency may be easily verified by use of the limiting value of 


iraBb 



The integrals in equations (ll) to ( 13 ) must, in general, be evalu- 
ated by approximate or numerical procedures. The integrals H v (for 

v = 1, 2, and 3) in equation (13) occur in expressions for propeller 
noise regardless of the form of chordwise loading employed, that is, 
provided the loading remains unchanged throughout the propeller cycle. 

These integrals therefore play an important role in the analytical deter- 
mination of propeller noise and are the integrals for which the treatment 
and evaluations, pertaining to the near field, constitute the main 
purpose of this report. In the case of the far field the integrals TT V 

can, as was done in references 1 and 3, be reduced to Bessel functions 
of the first kind. This reduction is, for the sake of completeness, carried 
out in appendix A in a slightly different and more extended form than 
was done in references 1 and 3- 


The Integrals II V In Terms of Lumped Parameters mb, K-j_, 
and Kg and Equivalent Integrals I 

The integrals H v are functions of six parameters (x, y, r, Mj., 

mB, and k). These parameters can be lumped, however, so that the inte- 
grals can be conveniently expressed In terms of related integrals that 
are functions of only three parameters (mB, K]_, and K^. This lumping 

is accomplished as follows: 



-i(mB8+kcr) 

— d9 


Ikx 




-imB(9+l/x^+p^y^+p^r^-2p^ry cos 0 ) 

§ — d e 

(x^-t P 2 y^+ P^r^ - 2p^ry cos 9 ) 
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or 


ikMjjOC 


H^Cr) = 


where 


JL.\ V a_l 

P 2 C / (Kg) 


— I v( r ) = 


M- 



v - 


ikMpX 

p2 Iv(r) 


(14) 


c v ( r ) = f 

On 


2rt -ImB (0 +Kp Jl-K-i cos 0 ) 

p V de = i v ' - ii/ 


0 (^1 - K x cos 0 ) 




2B 2 ££ 
p R R 


Kl%2 + + ^ " (if + ^ f 


(15) 


(16) 


Kp - -3- Jx 2 + 3^y 2 + p 2 !* 2 
^ P^c ’ 


-m) +e %) +p2 (i)‘ 


Mg // \ 2 

= TE 


(i)“ + ^(l) 2 + p 2 (lf 


(17) 


and Mg denotes the Mach number associated with rotational velocity. 
The integrals 1/ and I v " may be expressed as 


t n2rt cos mB^0 + Kg^l - K]_ cos 0j 
(||1 - K L cos 0) V 


d0 


(l8a) 


or 


V = 2e‘ 


-imBrt r* cos cos ”^2^ + ^1 cos ^ 


So 


<20 


^1 + k-j_ cos ©y 


(18b) 
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and 


C V " = f 

J o 


s in mB 

(0 + K^l - Kj 

cos 0 j 

( 

]{L - Kj_ cos 0 ^ 

V 

! 


d e 


(19a) 


or 


11 _ o -imBrt 


I 


,3t cos mB9 sin mBK^^l + K-j_ cos 0 


I i; " = 2e _iU1±JJt / — de 

'0 (|/l + K l cos e) 


(191) 


Expressions for the pressures p T and Pq in terms of the integrals I v 
may he written as 

imB (flt - 


Pm — 


i . nn i \ q 1 

,2 P \ p 2 R / r R 

ki&BpKz 


JjpoBb 


= . !L_Z. r 2r./ sin EBh\dT e --& 

Jq mBh ^ 2 r ) dr 


mBMg.Il 


X mm R T n . X % 

R P 2 K2 

mbM^ 


V + I ^2 v) + + 


x 


Mt- 


R P 2 K*> 


R. - »\ 

P 2 V 


T 1 _ X X 

R n 2 v 2 x 5 


dr 


(20) 


and 


P Q = 


mBM^e 


v p 2 H y p k 


4jt 2 p 2 RK2 


-TmKh 

mBb\ 1 dQ SF 




( 21 ) 


Tables of I v Corresponding to the Near Field 

Since the integrals I v are expressed in t erm s of lumped param- 
eters K]_ (eq.. (l6)) and K 2 (eq.. ( 17 )); it is necessary to determine 

the r ang e of values of these parameters that pertain to the near field 
and to the far field. Regardless of the values that x, y, r, and (3 
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may have, numerical values of K^_ will always fall in the range 

0 i K]_ ^ 1 (22) 

hut numerical values of Kg fall in the semi -infinite range 

0 % Kg HI eo (23) 

Inasmuch as the present development is inherently restricted to propeller 
tip speeds V-^ that correspond to propeller-tip Mach numbers Mfc less 

Mo Mo 

than about unity, the factor -S = — — of Kg does not become large 

r 1 - Mp 

even when M approaches 1. This condition exists because 

M t = |t) 2 + (ft ‘ + (2 *° 

thus, when Mp «* 1, ~ 0 for Mj. « 1. It therefore follows that 

large numerical values of Kg are associated only with large values of 

and these large values imply large distances from the pro- 
peller disk. Furthermore, large distances from the propeller disk imply 
small numerical values of (K^_ « l) . Hence, small values of Kj_ 

end large values of K2 (K2 » l) apply to the far field and large 
values of K]_ and small values of K2 pertain to the near field. The 
specific ranges of values of K x and Kg considered in the present 
report for the near field are 0 -U- K-^ ^ O.985 and 0.75 ^ Kg Is 6.0, 

respectively. These ranges correspond to distances less than about 
2-5 propeller diameters from the propeller tip. Tables of values of 

the integrals I v that cover these ranges of Kj_ and Kg for a number 

of values of the parameter raB are presented in tables I to VII. Evalu- 
ations are presented for values of mB of 2, 3, 4, 6, 8, 9 > and 12$ 
values of Ki of 0.4, 0.5, 0.6, 0.7, O.75, 0.8, O.85, 0.9, O.925, 0.95, 
and 0.985$ and values of Kg at intervals of 0.25 fa the range 

0.75 < Kg < 6.0. 

The evaluations were made with the use of a card -programed electronic 
calculator and are presented, as calculated, to eight significant figures. 
They can be considered accurate throughout, however, to no more than four 
significant figures. In order to maintain this accuracy throughout the 
calculations, it was necessary to decrease the 9 -increments at which the 
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integrands were evaluated in making the numerical integrations as the 
parameter mB was increased. The specific increments employed are for 
values of mB of 2, 3> and k, = 6 °; for a value of mB of 6 , ZB = V 3 
and for values of mB of 8 , 9, and 12, ZB = 3°« With regard to inter- 
polation in the tables, the increments in Kp and Kg are not small 

enough to yield good results by linear interpolation. Reasonably good 
interpolated results can be obtained, however, by graphical procedures 
or by a nonlinear scheme such as Aitken’s method. 




Consideration of Effects of Other Types of Chordwise Loading 


It is recalled that the equations for the sound field of propellers 
derived in foregoing sections of this report are based on the assumption 
of a uniform chordwise loading. With real propellers, however, the 
actual form of the chordwise loading, which is, of course, not uniform, 
may be very significant with regard to the generation of rotational noise. 
For example, a propeller may be loaded, as in "turn ups", bo as to 
produce no net thrust, yet it may produce considerable noise, mainly of 
a higher harmonic content. The fact is that negative forces produce 
noise as well as positive forces and it is only when the separate forces 
are in one direction that the assumption of uniform loading over the 
chord should be expected to yield realistic values for the calculated 
noise. Same examples that bear out this statement and demonstrate 
the significance of nonuniform chordwise loading are presented In the 
following paragraphs. 


Examples based on square-wave type chordwise loading .- Consider 
first a propeller to have a constant loading Fq on the front half -chord 
and constant loading -Fq on the rear half -chord of a section of each 

blade at some radial station r. That Is, let a force acting on each 
blade be defined by 


f(WO = -^F 0 
f(t,r, 0 ) = 0 

f ( t+T O> r > 0 ) = f ( t ^ r ^ 6 ) 


^0 < t < 7 ^ 

(§ <t<T ) . 
(1- < t < Tq) 


( 25 ) 



Ik 
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This function corresponds to a zero net force and may "be written as a 
Fourier series, with the zeroeth harmonic neglected, as 


f (t,r,9 ) = R.F. 


4F 0 


£ 

1 


sin £ 


m~R 

T 


UB(aw>-jjL) 


(26) 


Next, for the sate of comparison, consider the full-wave rectification 
of f(t,r,8). That is, 


f(t,r,9) 



|f(t,r,0) 

+ T 0 ,r,9) | 



0 

|f(t,r,8)| 


(0 < t < t) 

(T < t < Tq) . 


( 2 ?) 


The Fourier expansion of this function is found to he, the zeroeth 
harmonic being neglected 



It may he noted that there is a phase difference of 90° } indicated 
hy the pure imaginary term in equation (2 6), between the harmonics of 
f(t,r,9) and |f(t,r,9)|. The main thing of interest in the present 
discussion, however, is the relative values of the amplitude functions 

ain 2 -2Sk of f (t,r,8 ) and sin 2lk of |f(t,r,8)|. These 

mBb \r mBb 2r ' 1 

functions are shown plotted as a function of 5^2. in figure 2. Exam- 

2r 

ination of this figure showB that, for a range of values of > &, 

the amplitude function for f(t,r.9) is greater than that for |f(t,r,8)| 
even though the function f(t,2‘,9; corresponds to no net force. 
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Examples based on measured distributions of normal force .- Under 
actual operating conditions the chordwise distribution of force is usually 
such that it can be closely approximated with the use of a few simple 
shapes such as rectangles and triangles. Furthermore, the Fourier devel- 
opment for such shapes can be made once and for all in such a way that, 
when a chordwise force distribution is known, its Fourier development 
can be obtained by simple superposition. In order to illustrate this 
point and to demonstrate further the significance of negative loading 
with regard to sound pressures, two cases of measured distribution of 
normal-force coefficients chosen from reference 4 are plotted in fig- 
ure 3 for the operating conditions shown. Each of the two chosen dis- 
tributions is for a blade section at r = O. 78 R; however, one distribu- 
tion (fig. 3 (a)) corresponds to a small net loading with negative forces 
anting over part of the chord, and the other distribution (fig. 3 (b)) 
corresponds to a large net loading with no negative forces. The area 
under each curve is divided into rectangles and triangles by the dashed 
lines shown in figure 3* (The right triangle facing to the right is 
herein designated right triangle, and the right triangle facing to the 
left is herein designated left triangle. Their elements are designated 
right triangular and left triangular, respectively.) The Fourier devel- 
opments of arbitrarily placed rectangular- and right and left triangular- 
shaped elements of loading are given in appendix B and have been employed 
to obtain the Fourier expansions of the distributions in figure 3- The 
amplitudes so obtained are plotted as a function of mB in figure 4 
and compared with amplitude functions for uniform chordwise loading that 
yield the same net values as do the distributions in figure 3 and with 
amplitude functions associated with Dirac delta-type loadings. The 
results in figure 4(a) are for the case of low net loading and these 
results show that taking into account the negative forces as well as the 
positive forces can lead to considerably higher amplitude of sound in the 
higher harmonics. The results in figure 4(b) for the case of no negative 
forces show that about the same level of noise is obtained from the 
uniform distribution of forces as frcm the detailed distribution of 
forces. The amplitude functions for the Dirac delta- type loadings agree, 
as would be expected, with those for rectangular-type loading for lower 
values of mB . 


The Integrations in the Radial Direction 

A brief consideration is now given to a method of approximating the 
integrations with respect to r indicated in equations (ll) and ( 12 ). 
These integrations can be accomplished by a generalization of the con- 
cept of effective radius discussed in references 1 to 3- As discussed 
in these references, the concept of effective radius is based on the 
consideration that all the sound-producing forces acting on the propeller 
can be assumed to be concentrated on an annular ring that roughly coin- 
cides with the circumference along which the resultant force acts. 
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In the present case the assumption of an effective radius r * R e 
gives, from equations (20) and ( 21 ) , 


and 


where 


P T 


imBlnt- S) 

% £ e V 


^e)X E i 


dr 


% 2 e V IT E 




(29) 


p - - — Go 

P Q »,^2 0 a- - • 2 


iR 


^^(Re) 


(**) 


mBMpe 


\ P' 


X 

2 R 


l+ J t 2 p%K 2 (R e ) 


QG 2 (R e ) 


(30) 


G l( R e) " F m(lf} 


UmlU^e) * £ ^"( R e) ^ I - 


% 


[%(%)]' 


b'( R e) 


> + 


i-imBMp^^Rg) + | 77-7 I 2'( R e) " r 




[^e)] 


I 5 "( R e) 


2 A 3 


( 31 ) 
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IT 


* 


%( R e) 



+ “l'( E e)_ 


( 32 ) 


and is an amplitude function that depends on the form of the 

chordwlse blade loading. For uniform or rectangular-type chordwise 
loading (see eqs. (20 ) and (21)), 


imBb 



In many cases, especially when the point at which the sound pressure 
is to be calculated is outside and not too near the cylinder formed by 
t he propeller disk and its wake, the total sound pressure is evidently 
not s ens itive to the details of the radial distribution of forces; thus, 
the assumption of an effective radius serves as a means of approximating 
the total sound pressure. See, for example, comparisons of calculated 
Anri measured results in references 1 and 2. For cases where details of 
the radial loading are important, as would be true, for example, at 
near-field points inside the cylinder formed by the propeller disk and 
its wake, the effective -radius concept can be generalized as follows: 


Suppose the distributions of thrust and torque are graphically 
represented as Indicated in the sketch in figure 5 . Divide the areas 
under the curve into n parts by dividing the blade length R into 
n parts. The parts into which R is divided need not be equal but they 
should be fairly small to insure a reasonably accurate approximation 
to the integrations. Let R e ,j denote the abscissa of the center of 
area of the jth element of area under the curve. Approximate expressions 
for p T and p^ (eqs. (20) and (2l)) may then be written as 


Prp — ** 


imB 

MR 2 e 



^F x ) 


ll-rt^R 2 



G l( R e,j) 




( 33 ) 


and 


P Q = 


mBM^e 










1 

1=1 


g g( R e;j ) 

M R e,d) 




( 34 ) 
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where G^Rg^j) and G 2 (R e ^) are defined in equations (31) and (32), 
respectively, and 


and 



(35) 


(36) 


are the jth elements of area under the radial distributions of thrust 
and torque curves. 


Root-Mean-Square Value of Pressure 

Before some specific examples are discussed, it is appropriate to 
point out that, in applications of propeller noise theory, one is gen- 
erally interested in the magnitude of the root mean square of the total 
pressure for each harmonic of noise. In order to obtain this 

quantity, it is convenient to treat the propeller forces as complex 
quantities. As may be noted in equations (20) and (2l) or equations (33) 
and (3*0 the pressures p T and p^ are of forms 

P T = (cos cut + i sin + iA^ (37) 

and 

Pq = (cos cut + i sin cot)^B^ + iBgj (38) 

The form of an expression for the total sound pressure p associated 
with thrust and torque is obtained by adding these expressions and 
retaining only the real parts of the sum. That is, 

p = R.P.^p T + Pq) = (k-^ + B-jJeos cut - ^Ag + B^sin cot (39) 
The root-mean-square value of this expression is 



NACA TN 3309 


19 



= jifci + B i f + { a 2 + b 2) 2 = w I Pt + P ^i 


(40) 


Thus p rms is obtained by simply multiplying the absolute value of the 
complex sum p^ + p Q by jg. 


SOME APPLICATIONS TO SPECIFIC PROP ELLER S 


The propellers chosen for the applications of the tables are three - 
and four-blade l6-foot-diemeter propellers with solidily factors ranging 
from 0.12 to 0 . l£. The efficiency, total thrust, and total torque for 
such propellers have been determined from, charts of references 5 and 6 
and are summarized in figure 6. The total thrust for three different 
altitudes and the efficiency are presented as functions of flight Mach 
number Mp in figures 6(a) and 6(b), respectively. The total torque 

is presented as a function of rotational Mach number M R in figure 6(c). 

The present examples are based on the assumption of uniform chord- 
wise loading and. except for one case, on the concept of an effective 
radius (eqs. (29) and (30)) with R e = 0.8R. When the calculated results 
were obtained, the necessary interpolations in the tables of I v were 
performed by graphical procedures . 

The first results are presented in figure J and are int end ed to 
give same indication as to the differences that might be expected between 
calculations based on the concept of an effective radius and calculations 
based on radial distributions of forces. Shown in the figure are values 
of the root -mean-square pressure, associated with the first harmonic of 
a four-blade l6-foot -diameter propeller, calculated with the use of equa- 
tions (33) and (34) (by using five steps), for radial distributions of- 
forces shown in the upper plot and calculated with the use of equa- 
tions ( 29 ) and (30) for the forces assumed to be concentrated on an 
annulus of radius 0.8R. Calculations by each procedure were made for 
operating conditions indicated in figure 7 at various values of x in 
the range -0.3D % x 0.3D along a line y = O.7D (ll.2 feet); that 
Is, along a line two-fifths of the propeller radius from the tip and 
extending a distance three-fifths of the radius behind to three-fifths of 
the radius ahead of the plane of rotation. For the conditions considered, 
the pressure or sound levels based on distributed forces are below those 
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based on effective radius or concentrated forces at each, point considered. 
The significant point is that the shapes of the two curves, considered 
as functions of x/D, are about the same; this fact indicates that calcu- 
lations based on an effective radius can at least be used for studying 
trends . 

In figure 8 calculated values of the root-mean-square pressure 
associated with the first harmonic of a four-blade' l6-foot-diameter 
propeller are plotted as functions of x/D for two altitude conditions, 
three values of rotational Mach number M^, and a fixed value (0.6) of 

flight Mach number Mp . 

As can be noted in figure 8 for the set of conditions under consid- 
eration, the peaks or highest amplitudes of pressure occur behind the 
plane of rotation at values of x/D in the range from -0.05 to -0.125- 
A somewhat surprising feature of the results is the rather sharp rear- 
ward trend of the position of peak amplitude as Mg is increased. As 
noted in reference 3, the trend of position of peak amplitude of pressure 
with increasing Mp is from same rearward position toward the plane of 

rotation or Just the opposite of that indicated in figure 7 for increasing 
Mp. The results also indicate a rather sharp attenuation of sound- 
pressure level with altitude and with distance away from the location of 
peak amplitude. The apparent attenuation with altitude, however, can 
be directly associated with the decrease in thrust and torque (see 
fig. 6) required for the higher altitude. 

In figure 9 the calculated root -me an- square pressures associated 
with the first harmonic of a four-blade, l6 -foot-diameter propeller for 
a point x == -0.15D, y = 11.2 feet (or O.7D) are shown plotted as a 
function of flight Mach number for three altitude conditions and a fixed 
rotational Mach number = 0.8^. These results show, as do the exam- 
ples in reference 3, that, for a fixed altitude, the amplitudes of sound 
pressure decrease substantially with flight Mach number for Mach numbers 
up to about OA or 0.5 and then increase rapidly with flight Mach number. 

Figure 10 shows the effect of flight Mach number on the calculated 
root -mean-square pressures for various values of the parameter mB for 
two altitude conditions . The calculations are for a point x = 0, 
y = 11.2 feet (or 0.7D) and for a fixed value of the rotational Mach 
number ^M^ = O.j). A change. in the parameter mB may correspond to 

either a change in number of propeller blades' B or a change in har- 
monic m. For example, the curves in figure 10 for mB = 8 may be 
interpreted as the calculated sound pressure corresponding to either the 
first harmonic of an 8-blade propeller, the second harmonic of a b - blade 
propeller, or the fourth harmonic of a 2-blade propeller. 
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All the curves in figure 10 show the falling-off or diminishing 
characteristic as the Mach number Mj. is increased from zero up to 0.2 
or 0.3 and then the rapid increase with Mach number when % exceeds 
about 0.4 or 0 . 5 . The total amount that the calculated pressures decrease 
from the M™ = 0 condition is about the same percentage (about 20 ) in 

each case. It may be implied therefore that, in the neighborhood of 
take-off conditions, the Mach number effect is about the same, percent- 
agewise, regardless of the value of mB. The increase with Mach number, 
after a Mach number of 0.4 or 0.5 has been attained, however, depends 
strongly on the value of mB and becomes very large as mB increases 
beyond 6 or 8. For these large values of mB the present simplified 
theory, especially with the assumption of an effective radius, could 
only serve to indicate the trends roughly. In order to yield realistic 
magn itudes, it is likely that the details of the radial loading and, 
per hap s, details of the chordwise loadings would have to be taken into 
account . 

The effect of distance from the propeller on the sound level along 
a llnp of constant y is implied in figures 7 and 8 . Figure 11 shows 
the corresponding effect along a line of constant x (x = -0.15D). The 
results shown are the calculated root -mean-square pressures corresponding 
to the first harmonic of a four -blade l 6 -foot -diameter propeller for 
Mp = 0 and Mr = 0.7 at sea level plotted as a function of d/D 

where d is the distance from the propeller tip. Figure 11 shows that, 
for the conditions considered, the amplitude of pressure drops off very 
rapidly as the distance from the propeller tip is increased. This type 
of dropoff is typical of that expected for other values of the param- 
eters Mp, Mr, and mB. 


CONCLUDING REMARKS 


A main purpose of this report is to present tabulated values of 
certain definite integrals that are involved in the calculation of near- 
field propeller noise. These tabulations cover a wide range of operating 
conditions and are useful for estimating lower harmonic, near-field 
propeller noise when either the concept of an effective radius or radial 
distributions of forces are considered. 

Consideration is given to the general forms of chordwise' and radial 
load distributions and it is shown that propellers operating even with 
zero net forces can give rise to considerable noise, especially in the 
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higher harmonics. Results of applications of noise theory to some 
specific l6-foot-diameter propellers are presented and discussed. 


Langley Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley Field, Va., June 26, 1956. 
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APPENDIX A 


EVAHJATION OF THE INTEKSAIS I v FOR THE FAR FIELD 

As pointed out in the text, the integrals I v corresponding to the 
far field or small values of the parameter « l) can he 

expressed in terms of Bessel functions of the first kind. The purpose 
of this appendix is to reduce the integrals to such expressions. 

For this purpose it is convenient to consider the integral expression 
for I v given in equation (15); that is. 



cos 6^ 

1 



ii v 


tr 


The value of the radical ijl - K-j_ cos 0 appearing in the exponen- 
tial term and in the denominator of the integrand of this expression Is, 
for Ki « 1, closely approximated hy 



K, 

COS 8 « 1 - -r cos 0 


(Al) 


Correspondingly, the integral I v is closely approximated hy 

,2* ( e+K 2 - COB e ) 


I » 
x v 


f 

on 


(l - \ cos e ) 


de 


or 


I v 53 e 


-imBK^ P 2 * (® ~ cos 0} 


r 

J o 


' vK, \ 

1 ^ cos ©yd© 


(A2) 
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From the known integral representation of Bessel functions, 


_ 2jc 

/ e -i( n0 -7v cos 0) de = 2rti n J n (A) 


(A3) 


and 


cos 


e -i(n0-A cos 0) d9 

n 


- -Ki E+1 [jn-lfr> - W«] 

The expression for I v given in equation (A2) may "be written as 




ivK, 


j W2 T 

J mB-ll — g — / — 2 — 


or, hy substituting the relations for K d and K^, 


(Ah) 


(A5) 


-~^ 2 +p 2 y 2 +P 2 r 2 f 

- .idB 

I,, « Jti e p 


2JmB| 


kry 


jjx 2 + p^jr 2 + 3 2 r 2 / 


v3 ry 


x + 


3 2 7 2 +3 


2_2 


r _ / kry \ 

^" 1 Wx 2 + 3 2 y 2 + 3 2 r 2 y 


- J, 


mB+1 


kry 


\x 2 + 3 2 y 2 + 3 2 r 2 / 


(A6) 


or, since 3r « ^x 2 + 3^ 2 for large distances from the propeller disk, 
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I v « iti^e 


+ 


rV 2 


X + 




+ P % 2 


" J mB+l 


+ PV, 


- *iW( 2 cos + P^Wb A=S 


x 2 + p 2 ^ 




x 2 + p^r 2 \ p 


X 2 + P 2 ^ 


“ J mB+l 


♦P ^ 2 


l\\2 sin IpTpV j. 


IX 2 + pV, 


X 2 + P^r 2 \ P 2 


Thus, for mB even^ 


cos -%x 2 + p^ 2 ) JmB-l/ 


Jx*“ + 


pV, 


“ J mB+l 


x 2 + p‘ 


Iv’ - *(-1^ (2 COS 






+ P 2 ^ 2 / 


x 2 + p 2 ^ 2 


“ JmB+l 


P 2 / 2 , 


I v " = *(-!)' 




J mB+l 


+ P V/ 
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For mB odd, 



(A10) 


and 


mB+I 

I v " = jt(-l)" 5 

v^ry 
x 2 + p 2 ^ 2 



(All) 


These approximations of I v for the far field go a step heyond 
that given in reference 3 in that the terms herein involving v as a 
factor were not considered in reference 3- It is not deemed necessary 
to tabulate I v for the far-field case since tabulations of the Bessel 

functions J n are so abundant in the literature. 
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APPENDIX B 

THE FOURIER DEVELOPMENT OF SOME SIMPLE SHAPES USEFUL FOR 
REPRESENTING CHORDWISE FORCE DISTRIBUTIONS 
FOR PROPELLER BLADES 


It is assumed that any chordwise distribution of force acting on a 
propeller -blade section can be satisfactorily represented by superimposing 
rectangular- and triangular-shaped elements of force as indicated in 
figure 3- This, at least, is a convenient assumption because such elements 
can be expanded into Fourier series in such a way as to make the Fourier 
development of the force distribution obtainable by simply adding the 
Fourier series representations of the different components into which the 
force distribution is divided. 


Rectangular Element of Loading 

Consider first a rectangular element of periodic force f r (t,r,0 ) 
that is located on some element of chord in a force-time system. 



If the origin of coordinates is chosen to be the leading edge of the 
blade section, f r may be expressed as follows: 


f r (t,r,9) = 0 
f r (t,r,9) = F r d0 dr 
f r (t,r,9) = 0 
f r( t+T 0; r > e ) = f r (t,r,0) 


0 < t < t-l 


T l< 


t 2 < 


t < Tg 
t < Tq 




(Bl) 
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where 


T 1 " V “ “1 31 


t 2 - >V - ^2 & 


The 


terms p^ and p^ are constants such that 0 p^ 1 and 


0 « p 2 = 1. Equations (Bl) may be expressed as a Fourier series, the 
term corresponding to the zeroeth harmonic being neglected, as 


f r (t,r,e) 


2F r d0 dr ^ 


_-^-UV Tl 


cos SHL t* dt' + 
T 0 


sin 2Btt(t - I-') 2 sin 2S* t' dt' 

T o V vJ ri T 0 


2F r d9 dr 


; — ^ ij^ os fjf (* - l) C0B ^( t 2 + T J sln ^( t 2' t i) 


Bln If (* - l)= ln ^( T 2 + T l) Bl " 7j( T 2 - T l)] 


2F r d6 dr ± 
5 Ar— m 


cos 


' n - - i T-^) ,ln tq( t 2 - T i) 


(B2) 


This expression may be written in complex form as 


2F V 


f r (t,r,e) = R.P. —=• / = e 

1 


2imjt L 0 \ 

! - r5"\ b “ff/ 




sin ^( t 2 - T i) e '° d0 dr 


(B5) 


or 


f r (t,r,8) = R.P. 6 


2P » imB(at-0 ) 


m 


[ Sin StO*® - 


imBb 

2r 


O^l) 


d9 dr 
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The total force represented hy f r (t,r,9) that acts on a blade section 
may be seen frcm equation (Bl) to be 

f r (t,r,9) = F r ^2 - ^i) T d8 3r (B5) 

If this force is to represent some preassigned percentage h r of a total 
force of magnitude F, such as total thrust or total torque, that acts 
on the section, then 


W ^ 


(B 6) 


or 


F r = 


hr 


P 2 - Bb 

Substituting this expression for F r into equation (B^) gives 


(B7) 


(B8) 


Note that in this equation, if = 0, p 2 = 1 , and h r F = the 
results given in equation ( 9 ) are obtained. If ^ = 0, p 2 = 1 , w.nfl 
hpF = ^ the results given in equation ( 10 ) are obtained. 


Left-Triangular Element of Loading 

Consider next a left -triangular element of loading fj^(t,r,9) on 
the chord element t-jT 2 in a time-coordinate system (see sketch). 
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The equation for this case may he expressed. as 
f zt( t ^ r ^ 0 ) = 0 
f7+(t,r,0) = ^ 


Tg - T 1 


d0 dr 


fj t (t,r,0) - 0 


(0 < t < 

( T 1 < t < Tg) 

( t 2 < * < T 0 ) 


f Zt( t+T 0> r > 8 ) = fztCt.r, 0 ) 
The Fourier expansion for this function is 


> (B9) 




f“(* - 1)/ V - t i )=°= ^ f «' + 


r o( T 2 " T l) 1 

V at ' 


F t dr d0 
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T i R 4 n awf. 

b - ® 

”( T 2 - T l) 1 

m 

*0 1 

C ft 

T o aln «, _ 

t* \ sin 

2mir L 0 

T l + 

A T o( 2 

1 qJ D Xil 

VV "a ' 

2 


(BIO) 


or in complex form 


. . F + dr d0 

f 2t (t,r,0) - R.P. t 


itm 


*< t 2 - T l) 
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ie 


2imjr ( 9 

ft 


2inutTr 

T 2 I T 1 3““^ 
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am = ( t 2 - Tj 




(Bll) 
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. , F + dr d0 _ 

f 7 , (t,r,0) = R.P. -i > i fi 


imB(ftt-S ) 


' 


imBb,, 

- r HI 2 _ 


2r 


mBb 


- ^l) 


. mBb . . 

Bin ' “O 


imBb / , v 

2r~ 


(B12) 
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As in the preceding paragraph, if the total force acting on a blade sec- 
tion is to represent seme preassigned percentage h^ of a total force F, 
then 


2h r 

T? - r -p 

•“t ~ ~ * 


0*2 - ^l) ^ 


(B13) 


and 


/ v h, , F imB(nt-8 ) 

f, + (t,r,0) = R.P. ^ ^ 2ire^ 


*(^2 “ ^l) 1 


mBb 


imBh 
— M2 


2r 


mBb(p 2 


ri^)[ sln f> 2 - "J 


imBh , , <. 

-^(p 2 +p.l) 


f dr d9 (Bill-) 


Ihis result is easily checked by considering the limit 

lim f lt (t,r,0) 

P-p >1^2 


(B15) 


This limit leads, as it should, to the Fourier expansion of the Dirac 
delta function of strength h zt F - 


Right-Triangular Element of Loading 

A right-triangular element of loading f rt in a time-coordinate 
system is shown in the following sketch: 
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The equation for this element of loading may he written as 


f rt (t,r,e) = 0 


(0 < t < t-l) ] 


f rt (t,r,e ) 

f Tt (t,r,Q ) 

f r t(t+T 0 ^ r ^ e ) 


_ ^tft ~ t 2 ) 
T 2 ~ T 1 

0 

f rt (t,r,0) 


( T 1 < t < t 2 ) 
(J 2 < t < t) 


> 


The Fourier expansion of this equation can he obtained from 
tion (Bl4) by simply interchanging and Pg. That is, 


f rt (t,r,0) « -R.P. 




*(“2 - “1) 1 


mBb 


imBh 

<e r 




2r 


mBh^Pg - P L ) 
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. imBh 

2r 




(B16) 


equa- 


> dr d9 (B17) 
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-1.1715153 

-3,3781180 

-5.2606152 

-6*37*09 

-1.6019305 

-.88109030 

3.6611359 

6.8255082 

7.3082207 

5.5912712 

3*626027 

2.0988086 

.62519230 

-1.5682380 

-1.5123096 

-7A19956 

-9.6518621 

-?*?36050 

-5.5602595 

-,31033690 

l*0b0077 

7.1906959 

5.5571510 

3.1263873 

-.(0051*0 

-5.167US1 

-10.556768 

-15.057981 

-16.856335 

-15.139111 

-10.810161 

-5.6836857 

12.269533 

10.012300 

6.7801592 

2.1090222 

-1.1530635 

-11*35686 

-18.139069 

-22.280568 

-22.828396 

-20.131676 

-16*10565 

21.190016 

30.962191 

16.327116 

9.8223950 

1*72761* 

-9.10*1130 

-19.362286 

-27*92321 

-J2.261192 

-3U.0530M 

-3U>31117 

128.58088 
121.12597 
111. 519 66 
98.306898 
81.201(008 
60.578703 
37.992123 
15.593651 
-5*55?7K> 
-21.681339 
-13.108858 


(f) r,’ 


V^i 
*2 \ 

.1 

.5 

.6 

.7 

.75 

.8 

.85 

.9 

.925 

.95 

.985 

0.75 

1.0 

1.25 

1.5 

1.75 
2.0 

2.25 
2-5 

2.75 

3.0 

3.25 

3.5 

3.75 

1.0 

1.25 

1.5 

1.75 

5.0 

5.25 

5.5 
5-75 

6.0 

0.03899175 

.05110966 

.05970665 

.05126111 

.00016096 

-.10838261 

-.21521566 

-.29H3099 

-.10163309 

.33190290 

.71100938 

.68701837 

-.01118302 

-1.0688867 

-1.S136637 

-.72900387 

.91980628 

2.2127638 

1.8003801 

-.21691871 

—2.3732315 

-2.7239276 

I 

0.29071793 

.38168170 

.15761320 

*1105850 

.230U875 

-.370302(01 

-1*2071167 

-1.8086781 

-1.1578688 

.15561381 

2.3237276 

3.5029191 

2*795127 

-.39728755 

-3.2137788 

-3.9787112 

-2.2951036 

0.73372 &9 
.97263907 
1.1727816 
1.2103952 
.82718750 
-.25251317 
-1.9591600 
-3.5318091 
-3.7132761 
-1.8101815 
1.6096681 
1.5U9199 
5.1359129 
3.1603037 
.11761158 

1.1829557 

1.5700690 

1.9051175 

2*252797 

1.5806836 

.17855880 

-2.1659682 

-1.5781913 

-5.5313920 

-3.9257617 

-.22329220 

1.9629577 

2.6079107 

3.1857035 

3.1823181 

3.0350222 

1.2911673 

-1.8j66!tf5 

-5.W3091B 

-7.6068762 

-6.9912175 

-3.7117108 

.W538690 

3.7011319 

3*367638 

1.5701361 

5.6161663 

6.3016819 

6*21(5927 

1.0152937 

*3167*0 

-5*511767 

-9*783715 

-10.578722 

-9,0202828 

6.6731225 

8*829018 

10.963990 

12.627130 

13.030566 

11.156015 

6*597139 

-.27313300 

-7*120691 

-11.780609 

-11.015582 

10.013119 
13.331*93 
16.531391 
19.221005 
20.509806 
19.195270 
11.511681 
7*912719 
- *0715620 

-7*026711 

-12.851725 

16.575692 

22.082291 

27.153825 

32.251659 

35.171677 

35.736100 

32.066015 

21.889503 

15.960993 

7.1627030 

-*6®0500 

53.916(01 
71.866978 
89.661078 
306.78773 
122*6981 
133 *0307 
110.62536 
*2.52756 
*0*3152 

136*9820 

130*7657 


* 
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TABU If.- VALUES OT THE DfEHGBAIr i 


(•) Jj." 



•1} 

.5 

.6 

.7 

.75 

.8 

0.75 



000512866 


003030912 

005173900 

10 

1 wMErJJJJii.'j) 

M 1 1 1 'I 


03176368 

,0^61613 

.10336120 

l.»5 

1 K ) ,'v‘j 

00589191 

06509589 

.11216362 

JM5712 

1.5 

1.75 

yBES&SM 

-V ' ‘ ~r ^ 


•01330100 

-•30i*ra30 

01938259 

-.11829609 

.12853*5 

-.5386*91 

2.0 


-06S571M 



-.97866700 

-I.WJ1098 

2.25 

2.5 

.03151*73 

.06035627 

06758191 

,26112128 


-00572112 

1.15295K 

-.29132153 

1.7103121 

-.82965070 

1.6855107 

2.75 

-.02380693 


.36151206 

1.3197701 

20677291 

e. 7052709 

3.0 

-.21910796 


-1.2163610 

-1.2113651 

-.61903180 

.30037587 

3.25 

-.06073951- 


-1.1237837 

-2.5131116 

-2,5150203 

-1.7117236 

3.5 

01OSU89 

.91W0C57 

.97606712 

-.21351066 


-.97186882 

3.75 

U.o 

.35397673 

-.S69950B1 



fflBKEiSKB 


-.53190927 

1.25 

-.61913063 

-2.009818 

-2.2596550 

-JO 267191 



1.5 

.570999W 

.21160622 




1.75 


2.3667711 

10555050 




5.0 

-.31181999 






5-p 

-1.9261761 

-1.9665712 





5.5 

-.20586851 

-1.0691913 





5.75 

2.1795067 






6.0 

,836761* 

.62612325 






<*) h m 


m 

.1 

.5 

.6 

.7 

.75 

.8 

!! 

1 
, : 

WSKN7' *11 .•! .* 


000011293 

,00266605 

02112279 

07H6366 

0678272? 

-J.762SO& 

-06811588 

-.02999671 

1.0129912 

.85315568 

-1.2096877 

-I.9687218 

*3909398 

20696111 

.53908135 

-1.7520813 

-.95150821 

V.*. B 

i>..w 

Y T * f ' * M 

O.000to32 

.01030116 

.08183310 

_«V>j9.QAO 

.1228696? 

-.25981226 

-1.5023015 

-1.1620715 

10116331 

2.6212215 

.27593112 

0.0006393 6 
.mSa/oS 

.12672588 

.laanyi.t 

.72181932 
-.10675835 
-1.8819778 
-1. 9531691 
•6227*92 
2.5*3879 
10550120 
-05WS403 
-.07702729 


% • 


[y ns ri-6 


.85 

.9 

.925 

.95 

.985 

0.10307132 

0.33*7836 

0.31590211 

0.51292989 

10171019 

.18277192 

.31251829 

,19068276 

.71778959 

10063998 

•33356707 

•59967831 

.63000275 

1, 20251*8 

2.5385233 

.29130815 

.61107598 


l.b£$860 

3.17103* 

-.56188578 

-0109976 

BlMli ■ J 

,298q0158 

2.2172507 

-J1.9959969 

-2,1867285 

-2.5790961 

-2.3881*80 


-1.6898579 


-3.3522575 

-3.6*93835 

-2.W01329 

1.1219932 

-.19212518 

-l.oeiseio 

-1.9073069 

-1. 1999271 

2.8250371 

1.7996878 

.73)11573 

-.599WW1 

^uaiiisie 

1.2102785 

1.061*752 

.17678267 

-1.3U9671 

-2.8391191 

-.Z1391026 

.93079819 

.63755306 

-.61020200 

-2.7218211 


.85 

.9 

025 

.95 

.985 

t > j 1^ 1 B 
Jiff t ■ '1 iij 

^ 'Knl 1 v *;B 

0.00130076 

.03123126 

.26*88625 

10297188 

U932315 

-1.6028591 

-3.1216102 

-UbllOlBl 

-06177*30 

-.58731653 

0. 00353*23 
.03691278 
.31176115 

1. atnAna 
2.1291606 
1.9Ob9S0 
-.95861580 

-2.7871500 
-JL 6236708 
—.6860*31 
-1.7590286 

00080176 
.(*313991 
.37219/1 
1 JiCnmg* 
3.$W& 
2.86*8130 
.12161*08 
-10191609 
-10711568 
-10315609 
-20873611 

000223999 

.*16832375 

i.<n«nro. 

1 .33012*2 
1.753l3oa 
2.6916125 
1.2567630 
2,1176055 
1.7801598 
-.07536313 
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TABU IV. - VMHEB OP EH HTCHKAL. Iy KB nB - 6 - Continued, 

(<0 ia' 


£ 


Vtr 

L5sj 

•4 

•> 

.6 


•75> 

.3 

.0> 

. 9 

•9z5 

.95 

•985 

0.7? 

1.0 

1 * 2 ? 

1.5 

1.75 
2.0 

2.25 

#» K 
«•? 

2.75 

3.0 
3-25 

3.5 
3.7? 

8.0 
b .25 
It. 5 
8-75 
S.o 

5.25 

5.5 

5.75 
s.o 

0. 0006636? 
.00088752 

-.00079358 
-.0060296? 
-^HlfJ3T65 
-.00231667 
.oSCMSSh 
#16803363 
-X7U4761 
-.2306756? 
.00223873 
• 87572251 
•26287137 
-.70873760 

-.76361830 

•75772230' 

1. 8222595 
-,8«>198o5 
-2.0306823 
-.09933062 
2.3282231 

.86171220 

0.00267235 

.00222668 

-.00256030 

.-.02803913 

-.059520a 

-.0261836? 

06589592 

—.13066885 
-.75302387 
-.30158572 
1.1588323 
1.1818000 
-1.0895296 
-2.1586316 
.35863862 
2.6178082 
,yz938z6o 
-2.1383977 
-1.8871899 
.88969015 
1. 1998811 

0.01073820 

.00980857 

-.00510592 

-057199103 

-.19517683 

-.18880231 

.37200098 

♦S76275i'p. 

00285691 

-1.5997031 

-10(320888 

1.3598269 

2.7115598 

.03906069 

-2.6183950 

-l.fcC09299 

.95527100 

0.08010382 

.03733079 

.00000671 

-.17690300 

-.58123628 

-.60160870 

.87208377 

1 nUWr'Mi 

X»W>?Cf 

1.3372170 

- 1.6011119 

-3.2058538 

-.89Q3P322 

2.3396338 

1.8938723 

.89617958 

0.08022655 

#17510998 

.00825775 

-.25667961 

-.35888285 

-1.1098500 

.28870698 

StTocwi? 

2.5228738 

-.98855282 

-3.8330350 

0.16339915 

05583318 

•0712M72 

-.38511653 

-1.300637 

-1.9507888 

-J_i89ilffl3 

2.8^(3233 

3.8735859 

.85676687 

-2.2158503 

-2.3900973 

-1-9132330 

0.35881375 

.38388758 

.22087072 

-.39583658 

-1.8928970 

-3.2725118 

-2.0139088 

2*uzrr256 

8.5761718 

3.1260323 

.86883866 

0.87357810 

.85812277 

.68260800 

-.21298189 

-2.5062509 

-5.l68oS6o 

-8.7706788 

~l-ui78aKi 

2.6676628 

3.8995919 

3.9268805 

1.8993868 

1,88113a 

1.2732680 

.200792BO 

-2.6131360 

-6.2116156 

-7/7722580 

-jtviviiy 

-.33170060 

1.2593568 

3/7860796 

2.8961802 

2.3786788 

2.6292668 

1.3508990 

-2.0995335 

-6.8913105 

-9-3W1965 

-T.ouyyuiO 

-5.3312682 

-8.0570881 

-1.3782612 

12.779896 

12.75311*9 

12.885585 

10.820226 

6^739707 

-.75878060 

-6.5838061 

-y.louuni 

-1U589798 

-18-856675 

-16.078200 



.8 

.5 

.6 

— 

.7 

.7$ 

.8 

.85 

.9 

.925 

.95 

.995 

0.75 

1.0 

1.25 

1.5 

1.75 
2.0 

2.25 

2.5 

2.75 
3-0 

3.25 

3.5 

3.75 
8.0 
8/5 

8.5 
8-75 
5/» 
5-25 

5.5 

5.75 
6.0 

0/70079032 

.00155392 

•00323989 

.00391886 

-.00618853 

-.03066667 

-.02880591 

.06802082 

.13638275 

-.05655071 

-.38701588 

-.10026976 

.600513a 

.88588033 

-.76368283 

-1.0837602 

.67066962 

1.7892655 

-.23389086 

-2.2333682 

-Jt7658015 

2.2963558 

0.00351758 

.00682608 

.00399618 

.01837997 

-/H71686S 

-.11880880 

-.12397278 

08309898 

.50366880 

•02835969 

-.98958310 

-.6978506? 

1.2051303 

1.6987698 

-.79859323 

-2.8899397 

-.38378710 

23*990062 

1.1616585 

-1.5692631 

-13(002380 

.20708553 

0.01319088 

.02876365 

.08988897 

.07031866 

-.02273798 

-.32265238 

-.86066531 

.25139806 

1.3002338 

.69132968 

-1.6851838 

-2.1693376 

.75878732 

2.88935a 

.83812385 

-1,9183182 

-1.5585615 

o/)8S53337 

.0619718? 

.15753901 

.23915895 

.05706805 

-.fl95STia 

-1.3398890 

-.28281777 

2.2186570 

2.8728631 

-.78969139 

-3.1860290 

-1.5370268 

.93788835 

1.3698528 

0.08888826 
.18826798 
.27787507 
.83181818 
.21362901 
-.89833396 
-2.0788836 
-1.0822587 
2. 2060687 
3.503888? 
.69177230 

0.15958700 
.27233826 
•89311551 
.78021377 
.570(5682 
-.96932678 
“2-9758982 
-23*227788 
3. 3090391 
3.8502796 
2.8207688 
.16275060 
-.73013338 

0.31878801 

.51982832 

J0300606 

3.8357860 

1.3530576 

-.68*23681 

-3.7528077 

-8.38U283 

-.96587838 

2.3816589 

2.80877a 

0.67777530 

1,0768680 

1.7732163 

2.7881980 

3.1283338 

.92257260 

-33666381 

-5.9396710 

-8-3795958 

-2/1385585 

-.81778502 

1*0593331 

1.6852756 

2.6202637 

8/H75915 

8-8385768 

2,7796677 

-2/1733555 

-5.^07086 

-5.586C87S 

-8.7799075 

-8.8783016 

1.7965822 

2.7176805 

8-1573228 

6. 2513867 
7.8*2578 
6.292067 
1.3966050 

-3.0101788 

-8.5820528 

-5.9883527 

-7.7233127 

5.8380306 
7.8192862 
11.037318 
1? 3*11395 
19.TU6979 
a/)29360 
18.3860a 
15JL89657 
133*58698 
103*17897 
5.9009733 
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0 , 0655731(0 

-.03671832 

-,Z10ii0?72 

-.51665571 

-.75926270 

-.381(63930 

1.2582890 

2.7275820 

1.2339239 

-2.7766787 

-8.29ali091( 

-J16W6871 

3.093931,9 

3.3Wol(7T 

1.1109781(2 


0.1307831(5 
-.03821086 
-.31(73305 
-*38991302 
-1.1(623052 
-1.0635621 
1.295M37 
6.0221890 
3.22291(20 
-1.5880937 
-5.097 3W8 


0.3218979) 
•00697560 
-.58989690 
-1.5151099 
-2.6515992 
-2.530 66$, 
.5K396UO 
5.071*878 
6.1093757 
1.7736873 
-3.3221(321 
-5aoa78li 
- 6 . 59133 a, 



( « 


aB ■ 6 - Coaoluded 


.85 

.9 

.925 

.95 

.985 

0.86333750 

.25218720 

-.78598790 

-2.5Wi9ies 

J..8aio65o 

-5.6212933 

-2.2855957 

5.3257201 

5.631(3113 

7.281(5780 

3.1508679 

2.71(05055 

1.15(96009 

-.63890080 

-b^SSiJAa 

-8.6796836 
-12.108351 
-10.275550 
- 2.7219928 
5.3989786 
1O.056C61 
12.167739 

5.S16aj33 

3.52081(57 

.386231(30 

-!i.5863676 

-110(67012 

-17.637878 

-lfl.319151( 

-12.093687 

-3J277663 

UJ29737k 

11.356022 

13.076386 

9.73*3096 

W6633& 

-3.0875192 

-iiM&ek 

-26.990550 

-31.02091S 

-29.1(69973 

-23.52373D 

-15.778391 

-5.391(7515 

98JilSl61( 
88.517871 
76.563295 
56431665 
28.285610 
— 2.81(66670 
—3 2, 720*06 
-57.681319 
-79.111038 
-97.331387 
-109.51(601 


.85 

.9 

.925 

.95 

.965 

I 

3.9330062 
5.2369090 
6.US0J76 
6.931S070 
5.0675391, 
-.Baoli96io 
-6.9585383 
-13.71f272l( 
-12.175336 
-7. 3685082 
-1.8285693 

6.71(91(792 

8.9909265 

11.107199 

12.307062 

10.806213 

6.0671212 

-6.1(256967 

-16.969266 

-17.911(757 

-17.077204 

-13.877*63 

13.035251 

17.3701(95 

21.558182 

26.690163 

17.718213 

5.0356900 

-8^91304 

-17.70181,7 

-4.732718 

-29.098605 

57.512699 

76.671108 

9S.A5577 

113.36561 

126.61093 

1J0.87251 

14-99970 

112.93C06 

97-529683 

77432822 

58.070627 
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Ttwra v.- vmmb or is* arrrwAL for is - B 
(a) V 


ON 



* 

.5 

.6 

.7 

.75 

•3 

.85 

.9 

.925 

.95 

-985 

0.75 

1.0 

1.25 

1.5 
i-T> 
7J0 

2.25 

2.5 

2.75 

3.0 

3.25 

3.5 

3.75 

hjD 

4.25 
4-5 
4*5 

5.0 

5.25 

5.5 

5.75 

6.0 

G.Oon<n4l6 
.00006287 
•00009780 
-.00057220 
--)vl9jy38 
.00435846 
.eif 31453 
-.02694885 
-.OZ158B59 
•10812720 
—.02571724 
-.25942991 
.27815509 
-31339ti?3 
-.79192782 
.09211123 
l.*aS8l46 
-1.0725793 
-•84594036 
1.9757196 
-*1194770 
-I.BlUMifi 

o.ooau 57 i 

.00036023 

.00072281* 

-.00321(45 

-.'.'1275367 

.PW6050 

.06688028 

-. 119*1625 

-.17195119 

.52929131 

.11*313818 

-1.0212137 

.10671697 

1.1003695 

-1.5036858 
- .87167786 

2.1530013 

-.32336328 

-1*776693 

.70461654 

.33536380 

.27589809 

0.00763701 

,00183717 

•OOJWTtf 

-.01160168 

3*220271: 

.287?3555 

-.22235242 

-.75444083 

.855Wl|17 

1.060$642 

-I .8626387 

-.51)813062 

2.1822120 

-.32939780 

-1.0826252 

.01067511 

0.00302219 

.00799168 

.n]RWi909 

-.02756115 

-.21.51)7053 

-311859503 

•86232454 

•OWWiDn 

- 1.8886166 

.337iWJi7 

2.2957071 

-,7<63tiffi8. 

-1.155381)8 

-.070020V1 

-.17218821 

03)0652132 

3)1622639 

3)3803602 

-.03223108 

-0(37635!) 

-.18512265 

1.2635206 

.58995325 

-2.271)12*6 

-.55582181 

1.9891244 

03)11)28270 
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(a) c n — 0.029$ J — 2.55$ Mp — 0.8$ n — 1^500 rpm$ Po.75R = ^5°. 

Figure 3.- Chord-wise normal-force distribution at O.78R for two sets of 
operating conditions (ref. 4). (Numbers indicate rectangles and 
triangles used for the analysis.) 
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("b) c n = 0.9529; J = 1.009; M r = O. 789 ; n = 2,000 rpm; 3 q. 75 R = 30°. 

Figure 4.- Concluded. 
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Figure 5*- Sketch, of radial thrust or torque distribution. 
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(a) Thrust. 




(b) Efficiency. (c) Torque. 

Figure 6.- Efficiency, total thrust, and total torque for various oper- 
ating conditions for a l6-foot-diameter propeller. 
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K 


Radio) distribution of thrust and torque (per blade) 



Figure r J.~ Comparison of sound-pressure calculations for forces concen- 
trated at an effective radius with calculations for forces distributed 
along the propeller radius. 


Sound-pressure level, db 


Figure 8.- Distribution of the root -me an- square pressures for the first 
harmonic of a four— blade l6— foot— diameter propeller at two altitudes 
and several tip Mach numbers. 
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(a) Sea-level altitude. 


Figure 10.- Calculated root -me an- square pressures for various values of 
of mB in the plane of rotation for l6-foot-diameter propellers as 
functions of flight Mach number for two different altitudes. 
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("b) 35 > 000-foot altitude. 


Figure 10.- Concluded 


Sound-pressure level, db 
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Figure 11.- Calculated root -me an- square pressure as a function of distance 
from propeller tip along a line 0.15D behind the plane of rotation for 
a four-blade l6-foot-diameter propeller operating at sea- level conditions. 
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